Introduction
An isotropic material has physical properties that are independent of spatial orientation. Failure criteria for such materials must therefore have the same property. In this context, the word "failure" can have a general meaning encompassing both yielding and fracture. An effective mathematical way of achieving spatial independence is to express failure criteria in terms of the Cauchy and deviator stress invariants (Gurtin, 1991 ) 11 = al + a2 + 0-3
(1) J2 = ((era -a2) 2 + (a2 -a3) 2 + (a3 -0-1)2)/6 (2) J3 = (2crl -or2 -0"3) (20"2 -0"3 -al) N (20-3 -o't -a2)/27 (3) where al, 0-2, and 0-3 are the principal stresses. These invariants are coefficients of the characteristic equations of the Cauchy and deviator stress tensors. This mixed group of invariants, which is mathematically convenient, is an acceptable choice because they uniquely define the three Cauchy stress invariants ll, 12, and 13. The Mises and Tresca criteria for yielding of ductile metals have well-known expressions in terms of the stress invariants. Both these criteria refer to "pressure-insensitive" materials, i.e., materials whose yielding failure is independent of hydrostatic stress. This implies an independence of the first invariant I1. However, the concept of describing isotropic material properties in terms of the stress invariants is not limited to such materials. It is the purpose of this Note to describe an example of using the above stress invariants to describe the failure of a pressure-sensitive material. An invariant expression for the Mohr-Coulomb failure criterion for brittle (or frictional) materials is derived explicitly in terms of L, J2, and ,/3.
Tresca Criterion
The Tresca (maximum shear stress) criterion can be considered as a special case of the Mohr-Coulomb criterion. The simpler Tresca criterion is considered first here to give some insight into working with the Mohr-Coulomb criterion. In terms of the principal stresses, the Tresca criterion for yielding of ductile metals is usually written as 1 Professor, Department of Mechanical Engineering, University of Britist Columbia, Vancouver, BC, Canada. Mem. ASME.
Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS for publication in the ASME JOURNAL OF APPLIED MECHANICS. Manuscript received by the ASME Applied Mechanics Division, Dec. 12, 1997; final revision, July 9, 1998. Associate Technical Editor: M.M. Carroll. The three terms in Eq. (4) can be interpreted as the circle diameters in a three-dimensional Mohr's circle representation of the applied stress state. The "max" operator chooses the largest circle. An equivalent procedure is to choose the circle containing the most and least tensile (or least and most compressive) principal stresses. Equation (4) Equations (4) and (5) Figure 1 shows the Tresca yield surface in 0-1, a2, 0-3 space. The six faces of the regular hexagonal tube correspond to the six possible yield conditions. One interpretation of the stress invariants defined in Eqs.
(1)-(3) is as axes of a cylindrical coordinate system in the 0-1, 0-2, ~3 space shown in Fig. 1 . The first stress invafiant describes the axial distance a = 11/~/3 along the line 0-1 = ~r2 = 0-3. This is a measure of the hydrostatic stress. The second deviator 'stress invafiant describes the radial distance r = perpendicular to the ~rl = 0-2 = or3 line. The third deviator stress invariant (together with J2) describes the Lode or "similarity" 1 (½J3(3/J2) 3/2) around the line 0-1 = 0-2 = 0-3 angle 0 = 5 cos -~ relative to the projection of any of the principal stress axes (Novozhilov, 1952; Chen and Han, 1988) .
The Tresca criterion can be expressed in terms of the stress invariants by multiplying together all six yield conditions from Eqs. (4) and (5). After some algebraic manipulation, the resuiting expression in terms of the stress invariants is (adapted from Prager and Hodge (1963) 
Equation (6) shows dependence on J2 and J3, but not on 11. This confirms that the Tresca yield criterion is independent of hydrostatic stress.
Mohr-Coulomb Criterion
The Mohr-Coulomb criterion describes the failure of many brittle (or frictional) materials. The behavior of such materials can be specified by the failure stresses in uniaxial tension and compression, 0-r and 0-c, respectively. Both these quantities are taken as positive numbers. The Mohr-Coulomb criterion can be considered as a generalization of the Tresca criterion. Thus, equations for the Mohr-Coulomb criterion should have similar
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forms to the Tresca equations, both in terms of principal stresses and stress invariants.
Equation (5) can be generalized to provide a compact principal stress equation for a Mohr-Coulomb material. The result is (Chen and Han, 1988; Schajer, 1994) max [crl, ~r2, 0-3] Figure 2 illustrates the failure surface for the Mohr-Coulomb criterion. It is a six-sided pyramid with an apex at the point a~ = 0-2 = 0-3 = 0-c0-r/(0-c -0-r). The six faces of the pyramid correspond to the six possible failure conditions. Following the Tresca procedure, these six possible failure conditions are multiplied together. The result is a sixth-order polynomial in terms of the principal stresses ~71, a2, and 0-3. In turn, this polynomial corresponds to another sixth-order polynomial whose 22 terms contain all possible combinations of the three stress invafiants Ii, J2, and J3. Using an inverse approach, the coefficient of each term in the invariant polynomial can be identified one by one from the principal stress polynomial. After some further algebraic manipulation, a relatively compact result can be achieved:
-(s -qI1)2v2j~ As expected, Eq. (8) has a similar algebraic form to Eq. (6). It reduces to Eq. (6) when 0-r and 0-c are both set equal to Or. A Mohr-Coulomb material is "pressure-sensitive," i.e., its failure depends on the first stress invariant ll. The pyramidal shape of the Mohr-Coulomb failure surface shows that the influence of Ii is linear. Correspondingly, each term containing cry in Eq. (6) is replaced by a term containing (s -qll) in Eq. (8). The two extra terms containing odd powers of (s -ql~) occur because the cross section of the pyramid is not a regular hexagon. It only has threefold symmetry, not six. The fifthorder (s -qll) term is absent in Eq. (8). The condition (sqll) = 0 corresponds to the stress state at the apex of the pyramid, 0-1 = 0-2 = 0-3 "~ 0-C0-T1(0-C --0-T). The authors apologize for any confusion caused by this error.
